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and the final form of the cubic in @ is 


- un & -21J0 —21J — 0, 
or 6 — M(0-1)-0, 
1 1 21J* 
where A" $* (1 -47 ) . 


This is Cayley's cubic. The homographic relation between 
€ and @ therefore is 


PE dw Jv 
"p AE NO 
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A MAP OF THE COMPLEX Z-FUNCTION: A 
CONDENSER PROBLEM. 


By J. H. Michell, M.A., Fellow of Trinity College, Cambridge. 


THE object of this note is to consider the correspondence 
of two planes z, w, whose points are connected by the 


relation 
z=Z(w+iK’), 


where Z is the function of Jacobi so denoted. It appears 
that the relation gives the solution for an electrical condenser 
formed of two equal plane strips of infinite length and finite 
breadth, placed with parallel planes and edges so that a 
normal section consists of two opposite sides of a rectangle. 
Writing z=% + iy and w=¢+ ùp, a, y are the rectangular 
coordinates of the point at which the potential is Y and the 
flow ¢, the plates being at potential - K', K’. 

Consider the rectangle in the w plane bounded by $ =+ K, 
p=+iK’. 

The Z-function is single valued, and within this rectangle 
dz|dw only becomes infinite once, viz. at w=0. 

Let us find the path of z when w goes around the 
rectangle. 
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Along =-K', 
æ =Z ($), 


y=9, 


8o that z lies in the straight line y — 0. 

As $ goes from — K to + K, æ first decreases from 0 to 
— Z($,), then increases through 0 to + Z(¢,), and finally 
diminishes to 0. Here ¢, is determined from the equation 


dp” 
or dn’¢ = a 
Along g= KK, 
x+ iy=Z(ùp+K+iK'); 
therefore æ= 0, 


P T T 


so that between Y=- K' and | 2 K', y goes from 0 to 
— 7 | K along the line z— 0. 


Along tsk, 
x+ iy=Z(ġ+2iK') 
=Z ($) -F> 
and x=Z(¢); 
ok, 


Thus between 6=Kand ¢=—K,z traverses twice the 
z between 7(¢,) and — Z($). 
Finally, along $ =- X, 

x +iy=Z(ùp- K+iK') 


=Z(ip+K+ik’), 


line y = — 
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and therefore, between y = K’ and y, 2 — K’, z goes along the 
line 2 —0 from — X to 0. 


When w is small we have 
il 1 
g= r approximately, 


consequently, corresponding to an indefinitely small circle 
around w=0, we have an indefinitely large circle round 
g=0. 

Hence, corresponding to the w area inside the rectangle, 
we have the whole of the z plane with the parts of the two 
lines y=0, y=— m| K lying between œ= +Z (¢,) as internal 
boundaries. i 

The general values of x, y in terms of $, V are easily 
obtained. 

We have, generally, 


Z (u - dv) 2 Z (u) + Z (iv) — k’ sn u sn iv sn (u + dv) 
sn (v, V) dn(v, F) ` im 


=Z (u)— iZ (v, k) +7 cn (v, k) 2KK'" 
df anu" (v, k’) snu dn (v, k')+icnu dnu sn (v, k’) en(v, k’) 
en (v, k’) cn? (v, &') + k’ sn*u sn’ (v, k’) 1 


Writing V for Y + K^, enc (/) for sn (J/, &), and so on, 
we get, after a simple reduction 
" snc? y’ 
x=Z($¢)+k sno en $ dn ġ enc' J/4- E! sn*$ soy ; 


/ Li T Í 
y=- ZU E) - so 
, , / d»'ó 
4- sne J/ enc j/ dnew "ee Nn pourras 

We may now proceed to find an expression for the 
capacity of such a condenser. 

The potentials of the plates are + K’, the distance between 
them ¢/ and their breadth 2Z($,) where $, is given by 
dn'$,—.E|K. The charge of each plate is ZH /2z per unit 
length, and therefore the capacity per unit length is K/4r K’. 
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When the plates are close together the capacity is large, 
i.e. K| K' large, and therefore k nearly unity. 


Putting xy, = am $y 


Ju aa LE 
sin Xo = Fe (1 -x) ) 


and therefore when A' is small y, is nearly 47. 


Write X= iT-, 
giving sin’) =p (Si r”) ; 
es th 1 Mug 
and therefore À $ of the order g| TET so that A7/ £" is 
of the order ice which becomes indefinitely great as k’ 


og 4/k 
decreases. 
To find Z($,) we therefore require expansions of 
E(4m-A), F(iw-—X), when A, k are both small and 
A Jk is large. 


Now E(dm-X) ep A/ (cos°ġ + k” sin'$) d$, 


77^ 1 
1 Ee IE dE cee SUR 
TUM [ A (cos* o + k” sin’) i 
. Kr ji 
mince cot'$ < fan 
expand the integrals in the convergent series _ 


E (v — X) =|" E $+ Lean us t. “| d$, 


throughout the integration, we can 


Für-X- p ES an t] dé, 


cos o 
and* 


E (yr — X) = cos + $k? (log cot3X — cos A) —..., 


cosr 


F (4m — X) =log cot hr — 34” (ay — 4 log cot p.) +.. 


* Equivalent expansions seem to haye been first given by Verhulst in his 
* Fonctions Elliptiques." 
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We require further the expansions 
K =p+ 3k? (n-1)-4..., 
E=14+3k? (u—4$)+..., 
K' = 4m (14 fk”) +..., 
where p. — log4[R. 


Let i be the ratio of the breadth of the condenser plates 
to the distance between them, c the capacity per unit length. 


Then ln =2E(y,) K -2F (x) E, 
c= K|4nK’, 
HAEC OR: 
where Bin y, 7 (1 -x) : 


By means of the expansions first given, we can carry the 
expression of c in terms of / to any order of approximation. 

In the cases of greatest interest a very accurate expression 
is got by retaining 4" only. 

Here 


sin’) = abc Iri (»-». z”) 


narai) | 
onmes] 
d 

cos"h= 1-544% (a -1-2) 


=v fı ne 27] ' 
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where vi=1l-—-, 


s. Mio E 
cos À =v fı + łk (1 z2»)| : 


Hence 


log cot 4A = 1 log + niii d 


COS X 


Leo ge (1-55 ;) 
k i 
1—v— ik v(t saa) 


" 1 
ine blog + łk w (1- 255) : 


= + log 


So that 


; 1 n y 
EQr- Seven (iu) + a (4 log =” - v) 
" 1l+v 1 
=v+thk Madii au 


1 
a — ——--—— 
~ + tk Av (1 im) 


F(bim-X)- j log + 


4 i 1+y 

- gi (guy - } log 157) 

-dlogil +44" (log rear eee) L 
Therefore 


1l+v ] j 
ae ix"? 22 DENT f 4 
n= [rent {log : v(14+ es) ] 14 ik" Ju 


"i |i log =" gk? j LE - a >) {1+ 34" (u -= 3) 


= pv- og 55 - 4v 
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and 2m'e- p £ +k? (1 - 2i [1 —3h"] 
=p Hh" 
Hence as a first approximation 
p= 2m'e, 
k = 4e", 
and, as a second approximation, 
xd dmc + 46 * ^, 


1 gaa 
— Qare - "xi 


y'—-1 


Substituting these values in the expression for J, we 
have / in terms of c, neglecting terms of order £^. 

If lis as large as 10, the terms in £^ would also in general 
be negligible, and we should then get 


i+ a/(-1) 
E 


and p =2rr'c, 
80 that 


inl-pgv-—ilog, 


l 1 
inl esse, /(1- : )- 4 log MAU. 


Qar*c 


For the general theory of the conformal representation of 

pirana! areas on which the present solution is based, it will 

e sufficient to refer to Chap. XX. of Forsyth’s Theory of 
Functions. 
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